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Abstract

We study a new class of infinite-dimensional Lie algebrasW∞(N+, N−) generalizing the standard
W∞ algebra, viewed as a tensor operator algebra of SU(1,1) in a group-theoretic framework. Here we
interpretW∞(N+, N−) either as an infinite continuation of the pseudo-unitary symmetryU(N+, N−),
or as a “higher-U(N+, N−)-spin extension” of the diffeomorphism algebra diff(N+, N−) of theN =
N+ +N− torusU(1)N . We highlight this higher-spin structure ofW∞(N+, N−) by developing the
representation theory ofU(N+, N−) (discrete series), calculating higher-spin representations, coherent
states and deriving K̈ahler structures on flag manifolds. They are essential ingredients to define operator
symbols and to infer a geometric pathway between these generalizedW∞ symmetries and algebras
of symbols ofU(N+, N−)-tensor operators. Classical limits (Poisson brackets on flag manifolds) and
quantum (Moyal) deformations are also discussed. As potential applications, we comment on the
formulation of diffeomorphism-invariant gauge field theories, like gauge theories of higher-extended
objects, and non-linear sigma models on flag manifolds.
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1. Introduction

The long sought-for unification of all interactions and exact solvability of (quantum) field
theory and statistics parallels the quest for new symmetry principles. Symmetry is an essen-
tial resource when facing those two fundamental problems, either as a gauge guide principle
or as a valuable classification tool. The representation theory of infinite-dimensional groups
and algebras has not progressed very far, except for some important achievements in one
and two dimensions (mainly Virasoro,W∞ and Kac–Moody symmetries), and necessary
breakthroughs in the subject remain to be carried out. The ultimate objective of this pa-
per is to create a stepping stone to the development of a new class of infinite-dimensional
symmetries, with potential useful applications in (quantum) field theory.

The structure of the proposed infinite symmetries resembles the one of the so-calledW
algebras. In the last decade, a large body of literature has been devoted to the study ofW-
algebras, and the subject still continues to be fruitful. These algebras were first introduced as
higher-conformal-spins > 2 extensions[1] of the Virasoro algebra (s = 2) through the op-
erator product expansion of the stress-energy tensor and primary fields in two-dimensional
conformal field theory.W-algebras have been widely used in two-dimensional physics,
mainly in condensed matter, integrable models (Korteweg–de Vries, Toda), phase tran-
sitions in two dimensions, stringy black holes and, at a more fundamental level, as the
underlying gauge symmetry of two-dimensional gravity models generalizing the Virasoro
gauged symmetry in the light-cone discovered by Polyakov[2] by adding spins > 2 currents
(see e.g.[3–5] for a review). Only when all (s → ∞) conformal spinss ≥ 2 are considered,
the algebra (denoted byW∞) is proven to be of Lie type; moreover, currents of spins = 1
can also be included[6], thus leading to the Lie algebraW1+∞, which plays a determining
role in the classification of all universality classes of incompressible quantum fluids and the
identification of the quantum numbers of the excitations in the quantum Hall effect[7].

The process of elucidating the mathematical structure underlyingW algebras has led to
various directions. Geometric approaches identify the classical (�→ 0) limit w∞ ofW∞
algebras with area-preserving (symplectic) diffeomorphism algebras of two-dimensional
surfaces[8,9]. These algebras possess a Poisson structure, and it is a current topic of great
activity to recover the “quantum commutator” [·, ·] from (Moyal-like) deformations of
the Poisson bracket{·, ·}. There is a group-theoretic structure underlying these quantum
deformations[10], according to whichW∞ algebras are just particular members of a one-
parameter familyW∞(c) of non-isomorphic[11,12] infinite-dimensional Lie-algebras of
SU(1,1) tensor operators (when “extended beyond the wedge”[10] or “analytically contin-
ued” [13]). The (field-theoretic) connection with the theory of higher-spin gauge fields in
(1 + 1)- and (2+ 1)-dimensional anti-de Sitter space AdS[13–15]– homogeneous spaces
of SO(1,2) ∼ SU(1,1) and SO(2,2) ∼ SU(1,1) × SU(1,1), respectively – is then apparent
within this group-theoretical context. Also, the relationship between area-preserving dif-
feomorphisms andW∞ algebras emerges naturally in this group-theoretic picture; indeed,
it is well known that coadjoint orbits of any semisimple Lie group like SU(1,1) � SL(2,R)
(cone and hyperboloid of one and two sheets) naturally define a symplectic manifold, and
the symplectic structure inherited from the group can be used to yield a Poisson bracket,
which leads to a geometrical approach to quantization. From an algebraic point of view, the
Poisson bracket is the classical limit of the quantum commutator of “covariant symbols”
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(see next section). However, the essence of the full quantum algebra is captured in a classical
construction by extending the Poisson bracket to Moyal-like brackets. In particular, one can
reformulate the (cumbersome) problem of calculating commutators of tensor operators of
su(1,1) in terms of (easier to perform) Moyal (deformed) brackets of polynomial functions
on coadjoint orbitsO of SU(1,1). A further simplification, that we shall use, then consists
of taking advantage of the standard oscillator realization(2.4)of the semisimple Lie algebra
generators and replacing non-canonical(2.12)by Heisenberg brackets(4.5).

Going from three-dimensional algebras su(2) and su(1,1) to higher-dimensional pseudo-
unitary algebras su(N+, N−) entails non-trivial problems. Actually, the classification and
labelling of tensor operators of Lie groups other than SU(1,1) and SU(2) is not an easy task in
general. In the letter[16], the author put forth an infinite setW∞(N+, N−) of tensor operators
of U(N+, N−) and calculated the structure constants of this quantum associative operator
algebra by taking advantage of the oscillator realization of theU(N+, N−) Lie-algebra,
in terms ofN = N+ +N− boson operators [see Eq.(2.4)], and by using Moyal brackets.
Operator labelling coincides here with the standard Gel’fand–Weyl pattern for vectors in
the carrier space of unirreps ofU(N) (see later on Section5.2). Later on, the particular
case ofW∞(2,2) was identified in[17] with a four-dimensional analogue of the Virasoro
algebra, i.e. an infinite extension (“promotion or analytic continuation” in the sense of[13])
of the finite-dimensional conformal symmetry SU(2,2) ∼ SO(4,2) in (3+ 1) dimensions.
Also,W∞(2,2) was interpreted as a higher-conformal-spin extension of the diffeomorphism
algebra diff(4) of vector fields on a four-dimensional manifold (just asW∞ is a higher-
spin extension of the Virasoro diff(1) algebra), thus constituting a potential gauge guide
principle towards the formulation of induced conformal gravities (Wess–Zumino–Witten-
like models) in realistic dimensions[18]. For completeness, let us say thatW∞-algebras
also appear as central extensions of the algebra of (pseudo-)differential operators on the
circle [19], and higher-dimensional analogues have been constructed in that context[20];
however, we do not find a clear connection with our construction.

In this article the aim is to infer a concrete pathway between these natural (algebraic)
generalizationsW∞(N+, N−) of W∞, and infinite higher-spin algebras ofU(N+, N−)
operator symbols, using the coherent-state machinery and tools of geometric and Berezin
quantization. In order to justify the view ofW∞(N+, N−) as a “higher-spin algebra” of
U(N+, N−), we shall develop the representation theory ofU(N+, N−), calculating arbitrary-
spin coherent states and deriving Kähler structures on flag manifolds, which are essential
ingredients to define operator symbols, star-products and to compute the leading order
(�→ 0, or large quantum numbers) structure constants of star-commutators in terms of
Poisson brackets on the flag space. Actually, the structure constants calculated in[16] were
restricted to a class of irreducible representations given by oscillator representations. Here
we show how to deal with the general case.

Throughout the paper, we shall discuss either classical limits of quantum structures
(Poisson brackets from star-commutators) or quantum deformations of classical objects
(Moyal deformations of oscillator algebras).

We believe this paper touches a wide range of different algebraic and geometric structures
of importance in Physics and Mathematics. Our main objective is to describe them and to
propose interconnections between them. Therefore, except for Section2, which summarizes
some basic definitions and theorems found in the literature, we have rather preferred to
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follow a fairly descriptive approach throughout the paper. Perhaps pure Mathematicians
will miss the “Theorem-Proof” procedure to present some of the particular results of this
work, but I hope our plan will make the presentation more dynamic and will result in greater
dissemination of the underlying ideas and methods.

The organization of the paper is as follows. Firstly we set the general context of our
problem and remind some basic theorems and notions on the representation theory of Lie
groups (in particular, we focus on pseudo-unitary groups) and geometric structures derived
from it. In Section3we exemplify the previous structural information with the case of three-
dimensional underlying algebras su(2) and su(1,1), their tensor operator algebras, classical
limits, Lie–Poisson structures and their relevance in large-N matrix models (and relativistic
membranes) andW(1+)∞ invariant theories. In Section4 we extend these constructions
to general pseudo-unitary groups and we show how to build “generalizedw∞ algebras”
w∞(N+, N−) and to compute their quantum (Moyal) deformationsW∞(N+, N−) through
oscillator realizations of theu(N+, N−) Lie algebra. Then, in Section5 we introduce a
local complex parametrization of the coset representatives SU(N)/U(1)N = FN−1 (flag
space), we construct coherent states and derive Kähler structures on flag manifolds. They
are essential ingredients to discuss symbolic calculus on flag manifolds, and to highlight the
higher-spin structure of the algebraW∞(N+, N−). In Section6 we make some comments
on the potential role of these infinite-dimensional algebras as residual gauge symmetries of
extended objects (“N(N − 1)-branesFN−1”) in the light-cone gauge, and formulate non-
linear sigma models on flag manifolds. Section7 is devoted to conclusions and outlook.

2. The group-theoretical backdrop

Let us start by fixing notation and reminding some definitions and results on group,
tensor operator, Poisson–Lie algebras, coherent states and symbols of a Lie groupG; in
particular, we shall focus on pseudo-unitary groups:

G = U(N+, N−) = {g ∈ MN×N (C)/, gΛg† = Λ}, N = N+ +N−, (2.1)

that is, groups of complexN ×N matricesg that leave invariant the indefinite metric
Λ = diag(1, . . .N+ ,1,−1, . . .N− ,−1). The Lie-algebraG is generated by the step operators
X̂
β
α,

G = u(N+, N−) = 〈X̂βα,with (X̂βα)νµ ≡ �δναδβµ;α, β, µ, ν = 1, . . . , N〉, (2.2)

(we introduce the Planck constant� for convenience) with commutation relations:

[X̂β1
α1
, X̂β2

α2
] = �(δβ1

α2
X̂β2
α1

− δβ2
α1
X̂β1
α2

). (2.3)

There is a standardoscillator realization of these step operators in terms ofN boson operator
variables (ˆa†α, âβ), given by:

X̂βα = â†αâ
β, [âβ, â†α] = �δβαI, α, β = 1, . . . N, (2.4)
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which reproduces(2.3) (we use the metricΛ to raise and lower indices). Thus, for unitary
irreducible representations ofU(N+, N−) we have the conjugation relation:

(X̂βα)† = ΛβµX̂νµΛνα (2.5)

(sum over doubly occurring indices is understood unless otherwise stated). Sometimes it
will be more convenient to use the generatorsX̂αβ = ΛαµX̂

µ
β instead ofX̂βα, for which the

conjugation relation(2.5) is simply written asX̂†αβ = X̂βα, and the commutation relations
(2.3)adopt the form:

[X̂α1β1, X̂α2β2] = �(Λα2β1X̂α1β2 −Λα1β2X̂α2β1). (2.6)

The oscillator realization(2.4) of u(N+, N−)-generators will be suitable for our purposes
later on.

Definition 2.1. Let G⊗ be the tensor algebra overG, andI the ideal ofG⊗ generated by
[X̂, Ŷ ] − (X̂⊗ Ŷ − Ŷ ⊗ X̂), whereX̂, Ŷ ∈ G. The universal enveloping algebraU(G) is the
quotientG⊗/I.

[From now on we shall drop the⊗ symbol in writing tensor products.]

Theorem 2.2 (Poincaré–Birkhoff–Witt).The monomials X̂k1
α1β1

· · · X̂knαnβn , with ki ≥ 0,
form a basis of U(G).

Casimir operators are especial elements ofU(G), which commute with everything. There
are N Casimir operators forU(N+, N−), which are written as polynomials of degree
1,2, . . . , N of step operators as follows:

Ĉ1 = X̂αα, Ĉ2 = X̂βαX̂
α
β, Ĉ3 = X̂βαX̂

γ
βX̂

α
γ , . . . . (2.7)

The universal enveloping algebraU(G) decomposes intofactor or quotient Lie algebras
Wc(G), with c = (c1, . . . , cN ) an arbitrary N-dimensional complex vector, as follows. Let

Ic =
N∑
α=1

(Ĉα − �αcα)U(G)

be the ideal generated by the Casimir operatorsĈα. The quotientWc(G) ≡ U(G)/Ic is a
Lie algebra. Roughly speaking, this quotient means that we replaceĈα by the complex
c-numberCα ≡ �αcα whenever it appears in the commutators of elements ofU(G).

Definition 2.3. We shall refer toWc(G) as ac-tensor operator algebra.

According to Burnside’s theorem[21], for some critical valuescα = c
(0)
α , the infinite-

dimensional Lie algebraWc(G) “collapses” to a finite-dimensional one. In a more formal
language:



148 M. Calixto / Journal of Geometry and Physics 56 (2006) 143–174

Theorem 2.4 (Burnside).When cα, α = 1, . . . , N coincide with the eigenvalues of Ĉα in
a dc-dimensional irrep Dc of G, there exists an ideal χ ⊂Wc(G) such that Wc(G)/χ =
sl(dc,C), or su(dc), by taking a compact real form of the complex Lie algebra.

Another interesting structure related to the previous one is thegroup C∗-algebra C∗(G)
[in order to avoid some technical difficulties, let us restrict ourselves to the compactG case
in the next discussion]:

Definition 2.5. LetC∞(G) be the set of analytic complex functionsΨ on G,

C∞(G) = {Ψ : G → C, g 
→ Ψ (g)}. (2.8)

The group algebraC∗(G) is aC∗-algebra with an invariant associative∗-product (convolu-
tion product)

(Ψ ∗ Ψ ′)(g′) ≡
∫
G

dLgΨ (g)Ψ ′(g−1 • g′), (2.9)

(g • g′ denotes the composition group law and dLg stands for the left Haar measure) and
an involutionΨ∗(g) ≡ Ψ̄ (g−1).

The conjugate spaceR(G) of C∞(G) consists of all generalized functions with compact
supports. The spaceM0(G) of all regular Borel measures with compact support is a subspace
ofR(G). The setR(G,H) of all generalized functions onG with compact supports contained
in a subgroupH also forms a subspace ofR(G). The following theorem (see[21]) reveals
a connection betweenR(G, {e}) [e ∈ G denotes the identity element] and the enveloping
algebra:

Theorem 2.6 (L. Schwartz).The algebraR(G, {e}) is isomorphic to the enveloping algebra
U(G).

This isomorphism is apparent when we realize the Lie algebraG by left invariant vector
fieldsX̂L onG and consider the mappingΦ : G→ R(G), X̂ 
→ ΦX̂, defined by the formula

〈ΦX̂|Ψ 〉 ≡ (X̂LΨ )(e) ∀Ψ ∈ C∞(G), (2.10)

where〈Φ|Ψ 〉 ≡ ∫
G

dLg Φ̄(g)Ψ (g) denotes a scalar product and (X̂LΨ )(e) means the action
of X̂L onΨ restricted to the identity elemente ∈ G. One can also verify the relation

〈ΦX̂1
∗ · · · ∗ΦX̂n |Ψ 〉 = (X̂L1 · · · X̂LnΨ )(e) ∀Ψ ∈ C∞(G), (2.11)

between star products inR(G) and tensor products inU(G):
Let us comment now on the geometric counterpart of the previous algebraic structures,

by using the language of geometric quantization.
The classical limit of the convolution commutator [Ψ,Ψ ′] = Ψ ∗ Ψ ′ − Ψ ′ ∗ Ψ corre-

sponds to the Poisson–Lie bracket

{ψ,ψ′}PL(g) = lim
�→0

i

�2 [Ψ,Ψ ′](g) = i(Λα2β1xα1β2 −Λα1β2xα2β1)
∂ψ

∂xα1β1

∂ψ′

∂xα2β2

(2.12)
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between smooth functionsψ ∈ C∞(G∗) on the coalgebraG∗, wherexαβ, α, β = 1, . . . , N

denote a coordinate system in the coalgebraG∗ = u(N+, N−)∗ � RN2
, seen as aN2-

dimensional vector space. The “quantization map” relatingΨ andψ is symbolically given
by the expression:

Ψ (g) =
∫
G∗

dN
2
Θ

(2π�)N2 e(i/�)Θ(X̂)ψ(Θ), (2.13)

whereg = exp(X̂) = exp(xαβX̂αβ) is an element ofG andΘ = θαβΘ
αβ is an element ofG∗.

The constraintŝCα(x) = Cα = �αcα defined by the Casimir operators(2.7) (written in
terms of the coordinatesxαβ instead ofX̂αβ) induce a foliation

G∗ �
⋃
C

OC (2.14)

of the coalgebraG∗ into leavesOC: coadjoint orbits, algebraic (flag) manifolds (see later on
Section5). This foliation is the (classical) analogue of the (quantum) standard Peter–Weyl
decomposition (see[22]) of the group algebraC∗(G):

Theorem 2.7 (Peter–Weyl).Let G be a compact Lie group. The group algebra C∗(G)
decomposes,

C
∗(G) �

⊕
c∈Ĝ
Wc(G), (2.15)

into factor algebras Wc(G), where Ĝ denotes the space of all (equivalence classes of)
irreducible representations of G of dimension dc.

The leavesOC admit a symplectic structure (OC,ΩC), whereΩC denotes a closed 2-form
(a Kähler form), which can be obtained from a Kähler potentialKC as:

ΩC(z, z̄) = ∂2KC(z, z̄)

∂zαβ∂z̄σν
dzαβ ∧ dz̄σν = Ω

αβ;σν
C (z, z̄) dzαβ ∧ dz̄σν, (2.16)

wherezαβ, α > β denotes a system of complex coordinates inOC (see later on Section5.1).
After the foliation ofC∞(G∗) into Poisson algebrasC∞(OC), the Poisson bracket induced

on the leavesOC becomes:

{ψcl , ψcm}P (z, z̄) =
∑
αj>βj

ΩCα1β1;α2β2
(z, z̄)

∂ψcl (z, z̄)

∂zα1β1

∂ψcm(z, z̄)

∂z̄α2β2

=
∑
n

f nlm(c)ψcn(z, z̄).

(2.17)

The structure constants for(2.17) can be obtained through the scalar productfnlm(c) =
〈ψcn|{ψcl , ψcm}P 〉, with integration measure(2.18), when the set{ψcn} is chosen to be or-
thonormal.
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To each functionψ ∈ C∞(OC), one can assign its Hamiltonian vector fieldHψ ≡ {ψ, ·}P ,
which is divergence-free and preserves de natural volume form

dµC(z, z̄) = (−1)

(
n

2

)
1

n!
ΩnC(z, z̄), 2n = dim(OC). (2.18)

In general, any vector fieldH obeyingLHΩ = 0 (withLH ≡ iH ◦ d + d ◦ iH the Lie deriva-
tive) is called locally Hamiltonian. The space LHam(O) of locally Hamiltonian vector fields
is a subalgebra of the algebra sdiff(O) of symplectic (volume-preserving) diffeomorphisms
ofO, and the space Ham(O) of Hamiltonian vector fields is an ideal of LHam(O). The two-
dimensional case dim(O) = 2 is special because sdiff(O) = LHam(O), and the quotient
LHam(O)/Ham(O) can be identified with the first de-Rham cohomology classH1(O,R)
of O viaH 
→ iHΩ.

Poisson and symplectic diffeomorphism algebras ofOC+ = S2 andOC− = S1,1 (the
sphere and the hyperboloid) appear as the classical limit [small� and large (conformal-)
spinc± = s(s± 1), so that the curvature radiusC± = �2c± remains finite]:

lim
c+→∞
�→0

Wc+ (su(2))� C∞(S2) � sdiff(S2) � su(∞),

lim
c−→∞
�→0

Wc− (su(1,1)) � C∞(S1,1) � sdiff(S1,1) � su(∞,∞) (2.19)

of factor algebras of SU(2) and SU(1,1), respectively (see[13,12]).1

Let us clarify the classical limits(2.19)by making use of theoperator (covariant) symbols
[24]:

Lc(z, z̄) ≡ 〈cz|L̂|cz〉, L̂ ∈Wc(G), (2.20)

constructed as the mean value of an operatorL̂ ∈Wc(G) in the coherent state|cz〉 (see later
on Section5.2for more details). Using the resolution of unity:∫

OC

|cu〉〈cu| dµC(u, ū) = 1 (2.21)

for coherent states, one can define the so-calledstar multiplication of symbols Lc1 � L
c
2 as

the symbol of the product̂L1L̂2 of two operatorŝL1 andL̂2:

(Lc1 � L
c
2)(z, z̄) ≡ 〈cz|L̂1L̂2|cz〉 =

∫
OC

Lc1(z, ū)Lc2(u, z̄) e−s2c (z,u) dµc(u, ū), (2.22)

where we introduce the non-diagonal symbols

Lc(z, ū) = 〈cz|L̂|cu〉
〈cz|cu〉 , (2.23)

1 The approximation sdiff(S2) � su(∞) is still not well understood and additional work should be done towards
its satisfactory formulation. In[23] the approach to approximate sdiff(S2) and sdiff(T 2) by limN→∞ su(N) was
studied and a weak uniqueness theorem was proved; however, whether choices of sets of basis functions on spaces
with different topologies do in fact correspond to distinct algebras deserves more careful study.
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ands2c (z, u) ≡ − ln |〈cz|cu〉|2 can be interpreted as the square of the distance between the
pointsz, u on the coadjoint orbitOC. Using general properties of coherent states[25], it
can be easily seen thats2c (z, u) ≥ 0 tends to infinity withc → ∞, if z �= u, and equals
zero if z = u. Thus, one can conclude that, in that limit, the domainu ≈ z gives only a
contribution to the integral(2.22). Decomposing the integrand near the pointu = z and
going to the integration overw = u− z, it can be seen that the Poisson bracket(2.17)
provides the first order approximation to the star commutator for large quantum numbersc
(small�); that is:

Lc1 � L
c
2 − Lc2 � L

c
1 = i{Lc1, Lc2}P + O(1/cα), (2.24)

i.e. the quantities 1/cα ∼ �α (inverse Casimir eigenvalues) play the role of the Planck
constant�, and one uses that ds2c = Ω

αβ;σν
C dzαβ dz̄σν (Hermitian Riemannian metric on

OC). We address the reader to Section5 for more details.
Before going to the general SU(N+, N−) case, let us discuss the two well known examples

of SU(2) and SU(1,1).

3. Tensor operator algebras of SU(2) and SU(1, 1)

3.1. Tensor operator algebras of SU(2) and large-N matrix models

Let Ĵ (N)
i , i = 1,2,3 be threeN ×N Hermitian matrices with commutation relations:

[Ĵ (N)
i , Ĵ

(N)
j ] = i�εijkĴ

(N)
k , (3.1)

that is, aN-dimensional irreducible representation of the angular momentum algebra su(2).

The Casimir operator̂C2 = (Ĵ (N))2 = �2N2−1
4 IN×N is a multiple of theN ×N identity

matrix I. The factor algebraWN (su(2)) is generated by the SU(2)-tensor operators:

T̂ Im(N) ≡
∑

ik=1,2,3
k=1,...,I

κ
(m)
i1,···,iI Ĵ

(N)
i1

· · · Ĵ (N)
iI
, (3.2)

where the upper indexI = 1, . . . , N − 1 is the spin label,m = −I, . . . , I is the third com-
ponent and the complex coefficientsκ(m)

i1,···,iI are the components of a symmetric and traceless
tensor. According to Burnside’sTheorem 2.4, the factor algebraWN (su(2)) is isomorphic
to su(N). Thus, the commutation relations:

[T̂ Im(N), T̂ Jn (N)] = f IJlmnK(N)T̂ Kl (N) (3.3)

are those of the su(N) Lie algebra, wheref IJlmnK(N) symbolize the structure constants which,
for the Racah–Wigner basis of tensor operators[26], can be written in terms of Clebsch–
Gordan and (generalized) 6j-symbols[27,10,13].

The formal limitN → ∞ of the commutation relations(3.3)coincides with the Poisson
bracket

{YIm, YJn }P = i

sinϑ

(
∂YIm

∂ϑ

∂YJn

∂ϕ
− ∂YIm

∂ϕ

∂YJn

∂ϑ

)
= f IJlmnK(∞)YKl (3.4)
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between spherical harmonics

YIm(ϑ, ϕ) ≡
∑

ik=1,2,3
k=1,...,I

κ
(m)
i1,...,iI

xi1 · · · xiI , (3.5)

which are defined in a similar way to tensor operators(3.2), but replacing the angular
momentum operatorŝJ (N) by the coordinatesx = (cosϕ sinϑ, sinϕ sinϑ, cosϑ), i.e. its
covariant symbols(2.20). Indeed, the large-N structure constants can be calculated through
the scalar product (see[28]):

lim
N→∞ f

IJl
mnK(N) = f IJlmnK(∞) = 〈YKl |{YIm, YJn }P 〉

=
∫
S2

sinϑ dϑ dϕȲKl (ϑ, ϕ){YIm, YJn }P (ϑ, ϕ).

The set of Hamiltonian vector fieldsHI
m ≡ {YIm, ·}P close the algebra sdiff(S2) of area-

preserving diffeomorphisms of the sphere, which can be identified with su(∞) in the
(“weak convergence”) sense of[23]—see Eq.(2.19). This fact was used in[27] to
approximate the residual gauge symmetry sdiff(S2) of the relativistic spherical mem-
brane by su(N)|N→∞. There is an intriguing connection between this theory and the
quantum mechanics of space constant (“vacuum configurations”) SU(N) Yang–Mills
potentials

Aµ(x)ij =
N2−1∑
a=1

Aaµ(x)(T̂a)
i
j, T̂a = T̂ Im(N), a = 1, . . . , N2 − 1 (3.6)

in the limit of “large number of colours” (large-N). Indeed, the low-energy limit of the
SU(∞) Yang–Mills action

S =
∫

d4x〈Fµν(x)|Fµν(x)〉, Fµν = ∂µAν − ∂νAµ + {Aµ,Aν}P,

Aµ(x;ϑ, ϕ) =
∑
I,m

AImµ (x)YIm(ϑ, ϕ), (3.7)

described by space-constant SU(∞) vector potentialsXµ(τ;ϑ, ϕ) ≡ Aµ(τ, �0;ϑ, ϕ), turns
out to reproduce the dynamics of the relativistic spherical membrane (see[28]). Moreover,
space–time constant SU(∞) vector potentialsXµ(ϑ, ϕ) ≡ Aµ(0;ϑ, ϕ) lead to the Schild
action density for (null) strings[29]; the argument that the internal symmetry space of the
U(∞) pure Yang–Mills theory must be a functional space, actually the space of configu-
rations of a string, was pointed out in Ref.[30]. Replacing the Sdiff(S2)-gauge invariant
theory(3.7)by a SU(N)-gauge invariant theory with vector potentials(3.6) then provides
a form of regularization.

We shall see later in Section6.1how actions for relativistic symplecticp-branes (higher-
dimensional coadjoint orbits) can be defined for general (pseudo-)unitary groups in a similar
way.
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3.2. Tensor operator algebras of SU(1,1) andW(1+)∞ symmetry

As already stated in Section1,W algebras were first introduced as higher-conformal-
spin (s > 2) extensions[1] of the Virasoro algebra (s = 2) through the operator product
expansion of the stress-energy tensor and primary fields in two-dimensional conformal
field theory. Only when all (s → ∞) conformal spins are considered, the algebra (denoted
byW∞) is proven to be of Lie type.

Their classical limitwproves to have a space–time origin as (symplectic) diffeomorphism
algebras and Poisson algebras of functions on symplectic manifolds. For example,w1+∞
is related to the algebra of area-preserving diffeomorphisms of the cylinder. Actually, let
us choose the next set of classical functions of the bosonic (harmonic oscillator) variables
a(ā) = 1√

2
(q± ip) = ρ e±iϑ (we are using mass and frequencym = 1 = ω, for simplicity):

LI+|n| ≡ 1
2(aā)I−|n|a2|n| = 1

2ρ
2I e2i|n|ϑ,

LI−|n| ≡ 1
2(aā)I−|n|ā2|n| = 1

2ρ
2I e−2i|n|ϑ, (3.8)

wheren ∈ Z; I ∈ Z+. A straightforward calculation from the basic Poisson bracket{a, ā} =
i provides the following formal Poisson algebra:

{LIm,LJn} = i

(
∂LIm

∂a

∂LJn

∂ā
− ∂LIm

∂ā

∂LJn

∂a

)
= i(In− Jm)LI+J−1

m+n , (3.9)

of functionsL on a two-dimensional phase space (see[31]). As a distinguished subalgebra
of (3.9)we have the set:

su(1,1) = {L0 ≡ L1
0 = 1

2aā, L+ ≡ L1
1 = 1

2a
2, L− ≡ L1

−1 = 1
2 ā

2}, (3.10)

which provides an oscillator realization of the su(1,1) Lie algebra generatorsL±, L0, in
terms of a single bosonic variable, with commutation relations(3.16). With this notation,
the functionsLIm in (3.8)can also be written as:

LI±|m| = 2I−1(L0)I−|m|(L±)|m|. (3.11)

This expression will be generalized for arbitraryU(N+, N−) groups in Eq.(4.1).
Following on the analysis of distinguished subalgebras of(3.9), we have the “wedge”

subalgebra

w∧ ≡ {LIm, I − |m| ≥ 0} (3.12)

of polynomial functions of the sl(2,R) generatorsL0, L±, which can be formally extended
beyond the wedgeI − |m| ≥ 0 by considering functions on the punctured complex plane
with I ≥ 0 and arbitrarym. To the last set belong the (conformal-spin-2) generatorsLn ≡
L1
n, n ∈ Z, which close the Virasoro algebra without central extension,

{Lm,Ln} = i(n−m)Lm+n, (3.13)

and the (conformal-spin-1) generatorsφm ≡ L0
m, which close the non-extended Abelian

Kac–Moody algebra,

{φm, φn} = 0. (3.14)
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In general, the higher-su(1,1)-spin fieldsLIn have “conformal-spin”s = I + 1 and
“conformal-dimension”n (the eigenvalue ofL1

0).
w-Algebras have been used as the underlying gauge symmetry of two-dimensional grav-

ity models, and induced actions for these “w-gravities” have been written (see for example
[3]). They turn out to be constrained Wess–Zumino–Witten models[32], as happens with
standard induced gravity. The quantization proceduredeforms the classical algebraw to
the quantum algebraW due to the presence of anomalies —deformations of Moyal type
of Poisson and symplectic-diffeomorphism algebras caused essentially by normal order
ambiguities (see below). Also, generalizing the SL(2,R) Kac–Moody hidden symmetry of
Polyakov’s induced gravity, there are SL(∞,R) and GL(∞,R) Kac–Moody hidden sym-
metries forW∞ andW1+∞ gravities, respectively[33]. Moreover, as already mentioned,
the symmetryW1+∞ appears to be useful in the classification of universality classes in the
fractional quantum Hall effect.

The group-theoretic structure underlying theseW algebras was elucidated in[10], where
W∞ andW1+∞ appeared to be distinct members (c = 0 andc = −1/4 cases, respectively)
of the one-parameter familyW∞(c) of non-isomorphic[11,12] infinite-dimensional factor
Lie-algebras of the SU(1,1) tensor operators:

L̂I±|m| ∝ [L̂∓, [L̂∓, · · · , [L̂∓,︸ ︷︷ ︸
I−|m| times

(L̂±)I ] · · ·]]

= (adL̂∓ )I−|m|(L̂±)I ∼ L̂
I−|m|
0 L̂

|m|
± + O(�), (3.15)

when extended beyond the wedgeI −m ≥ 0. The generatorŝL+ = X̂12, L̂− = X̂21, L̂0 =
(X̂22 − X̂11)/2, fulfil the standard su(1,1) Lie-algebra commutation relations:

[L̂±, L̂0] = ±�L̂±, [L̂+, L̂−] = 2�L̂0, (3.16)

and Ĉ = (L̂0)2 − 1
2(L̂+L̂− + L̂−L̂+) is the Casimir operator of su(1,1). The structure

constants forWc(su(1,1)) can be written in terms of sl(2,R) Clebsch–Gordan coefficients
and generalized (Wigner) 6j-symbols[10,13], and they have the general form:

[L̂Im, L̂
J
n ]c =

∞∑
r=0

�
2r+1f IJmn(2r; c)L̂

I+J−(2r+1)
n+m + �2IQI (n; c)δI,J δn+m,0I, (3.17)

whereI ∼ L̂0
0 denotes a central generator and the central chargesQI (n; c) provide for

the existence of central extensions. For example,Q1(n; c) = c
12(n3 − n) reproduces the

typical central extension in the Virasoro sectorI = 1, andQI (n; c) supplies central charges
to all conformal-spinss = I + 1. Quantum deformations of the polynomial or “wedge”
subalgebra(3.12)do not introduce true central extensions. The inclusion of central terms
in (3.17)requires the formal extension of(3.12)beyond the wedgeI − |m| ≥ 0 (see[10]),
that is, the consideration of non-polynomial functions(3.11)on the Cartan generatorL0.

Central charges provide the essential ingredient required to construct invariant geometric
action functionals on coadjoint orbits of the corresponding groups. When applied to Vira-
soro andW algebras, they lead to Wess–Zumino–Witten models forinduced conformal
gravities in 1 + 1 dimensions (see e.g. Ref.[32]). Also, local and non-local versions of
the Toda systems emerge, as integrable dynamical systems, from a one-parameter family
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of (“quantum tori Lie”) subalgebras of gl(∞) (see[34]). Infinite-dimensional analogues of
rigid tops are discussed in[34] too; some of these systems give rise to “quantized” (magneto)
hydrodynamic equations of an ideal fluid on a torus.

The leading order (O(�), r = 0) structure constantsf IJmn(0;c) = Jm− In in (3.17) re-
produce the classical structure constants in(3.9). It is also precisely for the specific values
of c = 0 andc = −1

4 (W∞ andW1+∞, respectively) that the sequence of higher-order
terms on the right-hand side of(3.17) turns out to be zero wheneverI + J − 2r ≤ 2 and
I + J − 2r ≤ 1, respectively. Therefore,W∞ (resp.W1+∞) can be consistently truncated
to a closed algebra containing only those generatorsL̂Im with positive conformal-spins
s = I + 1 ≥ 2 (resp.s = I + 1 ≥ 1).

The higher-order terms (O(�3), r ≥ 1) can be captured in a classical construction by
extending the Poisson bracket(3.9) to the Moyal bracket

{LIm,LJn}M = LIm � L
J
n − LJn � L

I
m =

∞∑
r=0

2
(�/2)2r+1

(2r + 1)!
P2r+1(LIm,L

J
n ), (3.18)

whereL � L′ ≡ exp
(
�

2P
)

(L,L′) is aninvariant associative �-product and

Pr(L,L′) ≡ Υı11 · · ·Υırr
∂rL

∂xı1 · · · ∂xır
∂rL′

∂x1 · · · ∂xr
, (3.19)

with x ≡ (a, ā) andΥ ≡
(

0 1

−1 0

)
. We setP0(L,L′) ≡ L · L′, the ordinary (commutative)

product of functions. Indeed, Moyal brackets where identified in[35] as the primary quantum
deformationW∞ of the classical algebraw∞ of area-preserving diffeomorphisms of the
cylinder. Also, the oscillator realization in(3.8)of the su(1,1) Lie-algebra generatorsL±, L0
in terms of a single boson (a, ā) is related to the “symplecton” algebraW∞(−3/16) of
Biedenharn and Louck[26] and the higher-spin algebra hs(2) of Vasiliev[15].

4. Extending the previous constructions to U(N+, N−)

4.1. Generalized w∞ algebras

The generalization of previous constructions to arbitrary unitary groups proves to be
quite unwieldy, and a canonical classification ofU(N)-tensor operators has, so far, been
proven to exist only forU(2) andU(3) (see[26] and references therein). Tensor labelling
is provided in these cases by the Gel’fand–Weyl pattern for vectors in the carrier space of
unitary irreducible representations ofU(N) (see later on Section5.2).

In the letter[16], a set ofU(N+, N−)-tensor operators was put forward and the Lie-
algebra structure constants, for the particular case of the oscillator realization(2.4), were
calculated through Moyal bracket (see later on Section4.3). The chosen set of operators
L̂Im in the universal enveloping algebraU(u(N+, N−)) was a natural generalization of the
su(1,1)-tensor operators of Eq.(3.11), where nowL0 is be replaced byN Cartan generators
X̂αα, α = 1, . . . , N, andL+,L− are replaced byN(N − 1)/2 “rising” generatorŝXαβ, α <
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β andN(N − 1)/2 “lowering” generatorŝXαβ, α > β, respectively. The explicit form of
these operators is:

L̂I+|m| ≡
∏
α

(X̂αα)
Iα−
(∑

β>α
|mαβ|+

∑
β<α

|mβα|
)
/2∏
α<β

(X̂αβ)|mαβ|,

L̂I−|m| ≡
∏
α

(X̂αα)
Iα−
(∑

β>α
|mαβ|+

∑
β<α

|mβα|
)
/2∏
α<β

(X̂βα)|mαβ|. (4.1)

The upper (generalized spin) indexI ≡ (I1, . . . , IN ) of L̂ in (4.1) represents now a
N-dimensional vector, which is taken to lie on a half-integral latticeIα ∈ N/2; the
lower index (“third component”)m symbolizes now an integral upper-triangularN ×N

matrix,

m =




0 m12 m13 · · · m1N

0 0 m23 . . . m2N

0 0 0 . . . m3N

...
...

...
...

...
...

...
...

... 0



N×N

, mαβ ∈ Z, (4.2)

and |m| means absolute value of all its entries. Thus, the operatorsL̂Im are labelled by
N +N(N − 1)/2 = N(N + 1)/2 indices, in the same way as wave functionsψIm in the
carrier space of unirreps ofU(N) (see Section5.2). We shall not restrict ourselves to
polynomial (“wedge”) subalgebras

W∧(N+, N−) ≡

L̂Im, Iα −


∑
β>α

|mαβ| +
∑
β<α

|mβα|

 /2 ∈ N


 , (4.3)

and we shall consider “extensions beyond the wedge”(4.3) [to use the same nomenclature
as the authors of Ref.[10] in the context ofW algebras]; that is, we shall let the upper indices
Iα take arbitrary half-integer valuesIα ∈ N/2. This way, we are giving the possibility of
true central extensions to the Lie algebra(4.4).2

The manifest expression of the structure constantsf for the commutators

[L̂Im, L̂
J
n ] = L̂ImL̂

J
n − L̂JnL̂

I
m = f IJlmnKL̂

K
l (4.4)

of a pair of operators(4.1) entails a cumbersome and awkward computation, because of
inherent ordering problems. However, the essence of the full “quantum” algebra(4.4)can
be still captured in a classical construction by extending the Poisson–Lie bracket(2.12)of a
pair of functionsLIm,L

J
n on the commuting coordinatesxαβ to its deformed version, in the

sense of Ref.[36]. To perform calculations with(2.12)is still rather complicated because of

2 This claim deserves more careful study. So far, it is just an extrapolation of what happens toW∞, Virasoro and
Kac–Moody algebras, where Laurent (and not Taylor or polynomial) expansions provide couples of conjugated
variables (positive and negative modes).



M. Calixto / Journal of Geometry and Physics 56 (2006) 143–174 157

non-canonical brackets for the generating elementsxαβ. A way out to this technical problem
is to make use of the classical analogue of the standard oscillator realization,xαβ = āαaβ,
of the generators ofu(N+, N−), and replace the Poisson–Lie bracket(2.12)by the standard
Poisson bracket

{LIm,LJn} = iΛαβ

(
∂LIm

∂aα

∂LJn

∂āβ
− ∂LIm

∂āβ

∂LJn

∂aα

)
, (4.5)

for the Heisenberg–Weyl algebra{aα, āβ} = iΛα,β. Although it is clear that, in general,
both algebras are not isomorphic, we shall see that the difference entails just an ordering
problem. Moreover, the bracket(4.5) has the advantage that simplifies calculations and
expressions greatly. Indeed, it is not difficult to compute(4.5)which, after some algebraic
manipulations, gives:

{LIm,LJn} = iΛαβ(Iαnβ − Jαmβ)LI+J−δα
m+n , (4.6)

where

mα ≡

∑
β>α

mαβ −
∑
β<α

mβα


 (4.7)

defines the components of aN-dimensional integral vector linked to the integral upper-
triangular matrixm in (4.2), and

δα ≡ (δ1α, . . . , δ
N
α ) (4.8)

is a N-dimensional vector with theαth entry equal to one and zero elsewhere. There is a
clear resemblance between thew∞ algebra(3.9) and (4.6), although the last one is far richer,
as we shall show in Section4.2. We shall refer to(4.6) asw∞(N+, N−), or “generalized
w∞”, algebra.

Let us see more carefully what we miss by replacing the Poisson–Lie bracket(2.12)with
the standard Poisson bracket(4.5). First we note that the change of variablexαβ = āαaβ
in

Λαβ

(
∂L

∂aα

∂L′

∂āβ
− ∂L

∂āβ

∂L′

∂aα

)

= Λαβ

(
∂xα1β1

∂aα

∂L

∂xα1β1

∂xα2β2

∂āβ

∂L′

∂xα2β2

− ∂xα1β1

∂āβ

∂L

∂xα1β1

∂xα2β2

∂aα

∂L′

∂xα2β2

)

= Λαβ

(
āα1δ

α
β1

∂L

∂xα1β1

aβ2δ
β
α2

∂L′

∂xα2β2

− aβ1δ
β
α1

∂L

∂xα1β1

āα2δ
α
β2

∂L′

∂xα2β2

)

= (Λα2β1xα1β2 −Λα1β2xα2β1)
∂L

∂xα1β1

∂L′

∂xα2β2

, (4.9)

is not one-to-one, as we haveN2 (real) coordinatesxαβ and 2N (real) coordinatesaα, āβ.
Also, the Poisson algebra(4.5)does not distinguish between polynomials likexα1β1xα2β2 and
xα1β2xα2β1, which admit the same form when written in terms of the commuting oscillator
variablesaα, āβ asxαβ = āαaβ. That is, non-zero combinations likexα1β1xα2β2 − xα1β2xα2β1
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behave as zero under Poisson brackets(4.5). More precisely, we can see that “null-type”
polynomials like:

xα1β1α2β2 ≡ xα1β1xα2β2 − xα1β2xα2β1 (4.10)

generate ideals of the algebraC∞(G∗) of smooth functionsL on the coalgebraG∗. Indeed,
it suffices to realize that the Poisson–Lie bracket between a generic monomialxαβ and a
null-type polynomial(4.10)gives a combination of null-type polynomials, that is:

{xαβ, xα1β1α2β2}PL = iΛα1βxαβ1α2β2 − iΛαβ1xα1βα2β2 + iΛα2βxα1β1αβ2

− iΛαβ2xα1β1α2β, (4.11)

and similarly for general null-type polynomials of higher degree. Thus, we can say that the
standard Poisson algebra(4.5) and (4.6)is a subalgebra of the quotientC∞(G∗)/IofC∞(G∗)
[with Poisson–Lie bracket(2.12)] by the idealI generated by null-type polynomials.

This quotient captures the essence of the full algebra and will be enough for our pur-
poses [we shall give in Section5 the main guidelines to deal with the general case (general
representations)]. Nevertheless, we should not forget that ordering problems like this are typ-
ically the origin of important central extensions andanomalies in quantum theory. Namely:
Schwinger terms that appear in quantum current algebras, when currents are written in terms
of fermionic matter operators; or central charges likeQ1(n) = c

12(n3 − n) for the Virasoro
sector in(3.17), when the diff(S1) generatorŝLn are written in terms of primary fields of
WZW models, according to the Sugawara construction; or even the zero-point energy of
the quantum harmonic oscillator, with important physical consequences like the Casimir
effect, etc.

Before discussing quantum (Moyal) deformations of(4.6), let us recognize some of its
relevant subalgebras.

4.2. Distinguished subalgebras of w∞(N+, N−)

There are many possible ways of embedding theu(N+, N−) generators(2.6)inside(4.6),
as there are also many possible choices of su(1,1) inside(3.9). However, a “canonical”
choice is:

X̂αβ ≡ −i�Lδαeαβ , eαβ ≡ sign(β − α)
max(α,β)−1∑
σ=min(α,β)

eσ,σ+1, (4.12)

whereδα is defined in(4.8)andeσ,σ+1 denotes an upper-triangular matrix with the (σ, σ + 1)-
entry equal to one and zero elsewhere, that is (eσ,σ+1)µν = δσ,µδσ+1,ν (we seteαα ≡ 0). For
example, theu(1,1) Lie-algebra generators correspond to:

X̂12 = −i�L(1,0)(
0 1

0 0

), X̂21 = −i�L(0,1)(
0 −1

0 0

),
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X̂11 = −i�L(1,0)(
0 0

0 0

), X̂22 = −i�L(0,1)(
0 0

0 0

). (4.13)

Letting the lower-indexm = eαβ in (4.12)run over arbitrary integral upper-triangular ma-
tricesm, we arrive to the following infinite-dimensional algebra (as can be seen from(4.6)):

{Lδαm , L
δβ
n } = −i(mβLδαm+n − nαL

δβ
m+n), (4.14)

which we shall denote byw(1)∞ (N+, N−). Reference[13] also considered infinite continua-
tions of the particular finite-dimensional symmetries SO(1,2) and SO(3,2), as an “analytic
continuation”, i.e. an extension (or “revocation”, to use their own expression) of the region
of definition of the Lie-algebra generators’ labels. It is easy to see that, foru(1,1), the “an-
alytic continuation”(4.14)leads to two Virasoro sectors:Lm12 ≡ L(1,0)

m , L̄m12 ≡ L(0,1)
m . Its

(3 + 1)-dimensional counterpartw(1)∞ (2,2) contains four non-commuting Virasoro-like sec-
torsw(1α)∞ (2,2) = {Lδαm }, α = 1, . . . ,4 which, in their turn, hold three genuine Virasoro sec-
tors form = kuαβ, k ∈ Z, α < β = 2, . . . ,4, whereuαβ denotes an upper-triangular matrix

with components (uαβ)µν = δα,µδβ,ν. In general,w(1)∞ (N+, N−) containsN(N − 1) distinct
and non-commuting Virasoro sectors,

{V (αβ)
k , V

(αβ)
l } = −iΛααsign(β − α)(k − l)V (αβ)

k+l , V
(αβ)
k ≡ L

δα
kuαβ

, (4.15)

and holdsu(N+, N−) as themaximal finite-dimensional subalgebra.
The algebraw(1)∞ (N+, N−) can be seen as theminimal infinite continuation ofu(N+, N−)

representing the diffeomorphism algebra diff(N) of theN-torusU(1)N . Indeed, the algebra
(4.14) formally coincides with the algebra of vector fieldsLµf (y) = f (y) ∂

∂yµ
, wherey =

(y1, . . . , yN ) denotes a local system of coordinates andf (y) can be expanded in a plane
wave basis, such thatLµ�m = eimαyα ∂

∂yµ
constitutes a basis of vector fields for the so-called

generalized Witt algebra[37],

[Lα�m,L
β

�n] = −i(mβLα�m+�n − nαL
β

�m+�n), (4.16)

of which there are studies about its representations (see e.g.[38]). Note that, for us, the
N-dimensional lattice vector�m = (m1, . . . , mN ) in (4.7)is, by construction, constrained to∑N
α=1mα = 0 (i.e.Lµ�m is divergence free), which introduces some novelties in(4.14)as

regards the Witt algebra(4.16). Actually, the algebra(4.14)can be split into one “tempo-
ral” piece, constituted by an Abelian ideal generated byL̃Nm ≡ ΛααL

δα
m , and a “residual”

symmetry generated by the spatial diffeomorphisms

L̃jm ≡ ΛjjL
δj
m −Λj+1,j+1L

δj+1
m , j = 1, . . . , N − 1 (no sum onj), (4.17)

which act semi-directly on the temporal part. More precisely, the commutation relations
(4.14)in this new basis adopt the following form:

{L̃jm, L̃kn} = −i(m̃kL̃jm+n − ñjL̃km+n), {L̃jm, L̃Nn } = iñjL̃Nm+n,

{L̃Nm, L̃Nn } = 0, (4.18)
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wherem̃k ≡ mk −mk+1. Only forN = 2, the last commutator admits a central extension
of the form∼ n12δm+n,0 compatible with the rest of commutation relations(4.18). This
result amounts to the fact that the (unconstrained) diffeomorphism algebra diff(N) does not
admit any non-trivial central extension except whenN = 1 (see[39]).

Another important point is in order here. The expression(4.12)reveals an embedding of
the Lie algebrau(N+, N−) inside the diffeomorphism algebra diff(N+, N−) with commu-
tation relations(4.14). That is, this new way of labellingu(N+, N−) generators provides an
straightforward “analytic continuation” fromu(N+, N−) to diff(N+, N−).

As well as the “U(N+, N−)-spinI = δµ currents” (diffeomorphisms)L
δµ
m in (4.14), one

can also introduce “higher-U(N+, N−)-spinI currents”LIm (in a sense similar to that of Ref.
[14]) by letting the upper-indexI run over an arbitrary half-integralN-dimensional lattice.

DiffeomorphismsL
δµ
m act semi-directly on “u(N+, N−)-spinJ currents”LJn as follows (see

Eq.(4.6)):

{Lδµm ,LJn} = −iΛαβJαmβL
J+δµ−δα
m+n + inµLJm+n. (4.19)

Note that this action leaves stable Casimir quantum numbers like the trace
∑N
α=1 Jα [Casimir

C1 eigenvalue(2.7)]. This higher-spin structure of the algebraw∞(N+, N−) will be justified
and highlighted in Section5, where higher-spin representations of pseudo-unitary groups
will be explicitly calculated.

4.3. Quantum (Moyal) deformations

As it happens withw∞-algebras, the quantization procedure, which entails unavoidable
renormalizations (mainly due to ordering problems), must deform the classical (�→ 0)
“generalizedw∞” algebraw∞(N+, N−) in (4.6) to a quantum algebraW∞(N+, N−), by
adding higher-order (Moyal-type) terms and central extensions like in(3.17). There is
basically only one possible deformationW∞(N+, N−) of the bracket(4.5)– corresponding
to a full symmetrization – that fulfils the Jacobi identities (see Ref.[36]), which is the Moyal
bracket(3.18,3.19), where now

Υ ≡
(

0 Λ

−Λ 0

)

is a 2N × 2N symplectic matrix. The calculation of higher-order terms in(3.18) is an
arduous task, but the result can be summed up as follows:

{LIm,LJn}M =
∞∑
r=0

2

(
�

2

)2r+1

fα1···α2r+1
α1···α2r+1

(I,m; J, n)L
I+J−

∑2r+1
j=1

δαj
m+n , (4.20)

where the higher-order structure constants

fα1···α2r+1
α1···α2r+1

(I,m; J, n) ≡
2r+1∑
�=0

(−1)�

(2r + 1 − �)!�!

2r+1∏
s=1

ΛαsβsΓ �αs (I,−m)Γ �βs (J, n) (4.21)
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are expressed in terms of the factors

Γ �αs (I,m) ≡ I(s)
αs

+ (−1)θ(�−s)mαs/2, (4.22)

which are defined through the vectors(4.7)andU(N+, N−)-spins

I(s)
αs

= Iαs −
s−1∑

t=θ(s−�−1)�+1

δαtαs , I(0) = I(�+1) ≡ I, (4.23)

with

θ(�− s) =
{

0 if � < s,

1 if � ≥ s,
(4.24)

the Heaviside function. For example, forr = 0, the leading order (classical,�→ 0) structure
constants are:

fαα (I,m; J, n) = Λαβ(Γ 0
α (I,−m)Γ 0

β (J, n) − Γ 1
α (I,−m)Γ 1

β (J, n))

= Λαβ((Iα −mα/2)(Jβ + nβ/2) − (Iα +mα/2)(Jβ − nβ/2)),

(4.25)

which, after simplification, coincides with(4.6).
We have rephrased our previous (hard) problem of computing the commutators(4.4)

of the tensor operators(4.1) in terms of (more easy) Moyal brackets of functions on the
coalgebrau(N+, N−)∗ [up to quotients by the idealsIgenerated by “null-type” polynomials
like (4.10)]. Nevertheless, Moyal bracket captures the essence of more general deformations,
which may include central extensions like

[L̂Im, L̂
J
n ] = �Λαβ(Jαmβ − Iαnβ)L̂I+J−δα

m+n + O(�3)

+ �(
∑N

α=1
Iα+Jα)

QI (m)δI,J δm+n,0I, (4.26)

with central chargesQI (m) for allU(N+, N−)-spinI currentsL̂Im. Note that, the structure of
this central extension implies that the modesL̂Im andL̂I−m are conjugated, a fact inherited

from the conjugation relation̂X†αβ = X̂βα after (2.5) and the definition(4.1) of L̂Im. An
exhaustive study of this central extensions is in progress. Note that the diffeomorphism
subalgebraw(1)∞ (N+, N−) remains unaltered by Moyal deformations.

5. Towards a geometrical interpretation of W∞(N+, N−)

In this section we want to highlight the higher-spin structure ofW∞(N+, N−). To jus-
tify this view, we shall develop the representation theory ofU(N+, N−) (discrete series),
calculating higher-spin representations, coherent states and deriving Kähler structures on
flag manifolds, which are essential ingredients to define operator symbols.
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5.1. Complex coordinates on flag manifolds

Although we shall restrict ourselves to the compact SU(N) case in the following general
discussion, most of the results are easily extrapolated to the non-compact SU(N+, N−) case.
Actually, we shall exemplify our construction with the (3+ 1)-dimensional conformal group
SU(2,2) = SO(4,2).

In order to put coordinates onG = SU(N), the ideal choice is the Bruhat decomposition
[40] for the coset space (flag manifold)F = G/T , where we denoteT = U(1)N−1 the
maximal torus. We shall introduce a local complex parametrization ofF by means of the
isomorphismG/T = GC/B, whereGC ≡ SL(N,C) is the complexification ofG, andB is
the Borel subgroup of upper triangular matrices. In one direction, the element [g]T ∈ G/T
is mapped to [g]B ∈ GC/B. For example, forG = SU(4) we have:

[g]T =



u1 u2 u3 u4

u11 u12 u13 u14
u21 u22 u23 u24
u31 u32 u33 u34
u41 u42 u43 u44


 −→ [g]B =



z1 z2 z3 z4

1 0 0 0
z21 1 0 0
z31 z32 1 0
z41 z42 z43 1


, (5.1)

where

z21 = u21

u11
, z31 = u31

u11
, z41 = u41

u11
,

z32 = u11u32 − u12u31

u11u22 − u12u21
, z42 = u11u42 − u12u41

u11u22 − u12u21
,

z43 = u13(u21u42 − u22u41) − u23(u11u42 − u12u41) + u43(u11u22 − u12u21)

u13(u21u32 − u22u31) − u23(u11u32 − u12u31) + u33(u11u22 − u12u21)
,

(5.2)

provides a complex coordinatization{zαβ, α > β = 1,2,3} of nearly all of the six-
dimensional flag manifoldF3 = SU(4)/U(1)3, missing only a lower-dimensional subspace;
indeed, these coordinates are defined where the denominators are non-zero. In general, each
flag FN−1 is covered byN! patches, related to the elements of the Weyl group ofG: the
symmetric groupSN of N elements. A complete atlas of coordinate charts is obtained by
moving this coordinate patch around by means of left multiplication with the Weyl group
representatives (see e.g.[42]). We shall restrict ourselves to the largest Bruhat cell(5.1).

In the other direction, i.e. fromGC/B to G/T , one uses the Iwasawa decompo-
sition: any elementgc ∈ GC may be factorized asgc = gb, g ∈ G, b ∈ B in a unique
fashion, up to torus elementst ∈ T (the Cartan subgroup of diagonal matricest =
diag(t1, t2/t1, t3/t2, . . . ,1/tN−1)), which coordinatestα can be calculated as the arguments
tα = (∆α(g)/∆̄α(g))1/2 of the α-upper principal minors∆α of g ∈ G. For example, for
SU(4) we have:

t1 =
(
u11

ū11

)1/2

, t2 =
(
u11u22 − u12u21

ū11ū22 − ū12ū21

)1/2

,
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t3 =
(
u13(u21u32 − u22u31) − u23(u11u32 − u12u31) + u33(u11u22 − u12u21)

ū13(ū21ū32 − ū22ū31) − ū23(ū11ū32 − ū12ū31) + ū33(ū11ū22 − ū12ū21)

)1/2

.

(5.3)

The Iwasawa decomposition in this case may be proved by means of the Gram–Schmidt
ortonormalization process: regard anygc = [g]B ∈ GC [like the one in(5.1)] as a juxtapo-
sition of N column vectors (z1, z2, . . . , zN ). Then one obtains orthogonal vectors{vα} in
the usual way:

v′α =
(
zα − (zα, vα−1)

(v′α−1, v
′
α−1)

v′α−1 − · · · − (zα, v1)

(v′1, v
′
1)
v′1

)
, vα = v′α

(Λαα(v′α, v′α))1/2

(5.4)

(not sum onα) where (zα, vβ) ≡ z̄αµΛ
µνvβν denotes a scalar product with metricΛ. At

this point, it should be noted that the previous procedure can be straightforwardly extended
to the non-compact caseG = SU(N+, N−) just by considering the indefinite metricΛ =
diag(1, . . .N+ ,1,−1, . . .N− ,−1). Using a relativistic notation, we may say that the vectors
v1, . . . , vN+ are “space-like” [that is, (vα, vβ) = 1] whereasvN++1, . . . , vN are “time-like”
[i.e, (vα, vβ) = −1]; this ensures thatvΛv† = Λ. For example, for SU(2,2), the explicit
expression of(5.4)proves to be:

v1 = |∆1|




1

z21

z31

z41


 ,

v2 = |∆1||∆2|




−z̄21 + z32z̄31 + z42z̄41

1 + z32z21z̄31 − z31z̄31 + z42z21z̄41 − z41z̄41

z32 + z32z21z̄21 − z̄21z31 + z42z31z̄41 − z32z41z̄41

z42 + z42z21z̄21 − z42z31z̄31 − z̄21z41 + z32z̄31z41


 ,

v3 = |∆2||∆3|




[ − z̄32z̄21 − z̄42z43z̄21 + z̄31 − z42z̄42z̄31 + z32z̄42z43z̄31

+z̄32z42z̄41 + z43z̄41 − z32z̄32z43z̄41]

[z̄32 + z̄42z43 − z42z̄42z21z̄31 + z32z̄42z43z21z̄31 − z̄42z43z31z̄31 + z̄42z̄31z41

+z̄32z42z21z̄41 − z32z̄32z43z21z̄41 + z̄32z43z31z̄41 − z̄32z41z̄41]

[1 − z42z̄42 + z32z̄42z43 − z42z̄42z21z̄21 + z32z̄42z43z21z̄21 − z̄42z43z̄21z31

+z̄42z̄21z41 + z42z21z̄41 − z32z43z21z̄41 + z43z31z̄41 − z41z̄41]

[z̄32z42 + z43 − z32z̄32z43 + z̄32z42z21z̄21 − z32z̄32z43z21z̄21 + z̄32z43z̄21z31

−z42z21z̄31 + z32z43z21z̄31 − z43z31z̄31 − z̄32z̄21z41 + z̄31z41]



,

v4 = |∆3|




−z̄42z̄21 + z̄32z̄43z̄21 − z̄43z̄31 + z̄41

z̄42 − z̄32z̄43

−z̄43

1


 , (5.5)
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where

|∆1(z, z̄)| = 1√
1 + |z21|2 − |z31|2 − |z41|2

,

|∆2(z, z̄)| = 1√
1 + |z32z41 − z42z31|2 − |z32|2 − |z42|2 − |z32z21 − z31|2 − |z42z21 − z41|2

,

|∆3(z, z̄)| = 1√
1 + |z43|2 − |z42 − z43z32|2 − |z41 + z43z32z21 − z42z21 − z43z31|2

(5.6)

are the moduli of theα = 1,2,3 upper principal minors∆α(g) of g ∈ G. These “charac-
teristic lengths” will play a central role in what follows.

Any (peudo-) unitary matrixg ∈ G in the present patch (which contains the identity
elementz = 0 = z̄, t = 1) can be written in minimal coordinatesg = (zαβ, z̄αβ, tβ), α >
β = 1, . . . , N − 1, as the productg = vt of an elementv of the base (flag)F times an
elementt of the fibreT = U(1)N−1.

Once we have the expression of a generalG group elementg = (g1, . . . , gN
2−1) in terms

of the minimal coordinatesg = (zαβ, z̄αβ, tβ), α > β = 1, . . . , N − 1, we can easily write
the group lawg′′ = g′ • g and compute the left- and right-invariant vector fields

XLj (g) ≡ Lkj(g)
∂

∂gk
, Lkj(g) = ∂(g • g′)k

∂g′j

∣∣∣∣∣
g′=e

XRj (g) ≡ Rkj(g)
∂

∂gk
, Rkj(g) = ∂(g′ • g)k

∂g′j

∣∣∣∣∣
g′=e




j, k = 1, . . . , N2 − 1 = dim(G). (5.7)

The algebraic correspondence between right-invariant vector fields and the step operators
(2.2), with commutation relations(2.5), is:

XRzαβ → X̂αβ, XRz̄αβ → X̂βα, XRtβ → X̂ββ − X̂β+1,β+1,

α > β = 1, . . . , N − 1. (5.8)

5.2. Higher-spin representations, coherent states and Kähler structures on flag
manifolds

In this section we shall compute the unitary irreducible representations ofG and we
shall construct coherent states and geometric structures attached to them. Let us start by
considering the (finite) left regular representation [LgΨ ](g′) = Ψ (g−1 • g′) of the group
G on complex functionsΨ on G [remember Eq.(2.8)]. This representation is highly
reducible. The reduction can be achieved through a complete set of finite right restrictions
or “polarization equations” (in the language of geometric quantization[43]):

[RgΨ ](g′) = Ψ (g′ • g) = Dc(g)Ψ (g′) ∀g ∈ P ∀g′ ∈ G, (5.9)

which impose thatΨ must transform according to a given (Abelian) representationDc

(with index c) of a certain maximal proper subgroupP ⊂ G (“polarization subgroup”).
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The Lie algebraP of P is called a “first-order polarization”, which formal definition could
be stated as in the following definition.

Definition 5.1. A first-order polarization is a proper subalgebraP of the Lie algebraG of G,
realized in terms of left-invariant vector fieldsXL [the infinitesimal generators of finite right
translations(5.9)]. It must satisfy a maximality condition in order to define an irreducible
representation ofG.

Hence, at the Lie algebra level, the polarization equations(5.9) acquire the form of a
system of non-homogeneous first-order partial differential equations:3

XLj Ψ = cjΨ (g) ∀XLj ∈ P, (5.10)

wherec denotes a one-dimensional representation (character) of the polarization subalgebra
P, c(XLi ) = ci ∀XLi ∈ P. That is,c is the infinitesimal character associated toDc in (5.9).
Notice that since the representation is one-dimensional, the characterc vanishes on the
derived subalgebra [P,P] of P, i.e. c([XLi ,X

L
j ]) = 0∀XLi ,XLj ∈ P. This means that it

factorizes via the Abelian quotientP/[P,P]. Hence the value ofc onP is determined by
the value of the factorized ¯c on the Abelian quotient. For our case, the first-order polarization
subalgebraPwill be generated by the following (N − 1 +N(N − 1)/2) left-invariant vector
fields:

P = 〈XLtβ ,XLzαβ , α > β = 1, . . . , N − 1〉.

Then, the quotientP/[P,P] coincides here with the Abelian Cartan subalgebraT =
u(1)N−1. Therefore, denoting byc(XLtβ ) ≡ −2Sβ ∀XLtβ ∈ T the non-zero characters or “G-
spin labels”, the solution to the polarization equations(5.10),

XLtβΨ = −2SβΨ

XLzαβΨ = 0,

}
ΨS(g) = WS(g)Φ(z̄), (5.11)

can be arranged as the product of a highest-weight vectorWS (“vacuum”), which is a
particular solution ofXLtβΨ = −2SβΨ and can be written as a product of upper principal
minors

WS(g) ≡
N−1∏
β=1

(∆̄β(g))2Sβ , (5.12)

times an anti-holomorphic functionΦ(z̄), which can be written as an analytic power series,
with complex coefficientsaSm, on its arguments ¯zαβ,

Φ(z̄) ≡
∑
m

aSm

∏
α>β

(z̄αβ)mβα. (5.13)

3 This procedure for obtaining irreducible representations resembles Mackey’s induction method, except for the
fact that it can be extended to “higher-order polarizations”: subalgebrasPHO of the (left) universal enveloping
algebraU(G) which also satisfy a maximality condition in order to define an irreducible representation (see e.g.
[41] for more details).
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The indexm denotes an integral upper-triangularN ×N matrix [see(4.2)]. The range of
the entriesmαβ, α < β = 2, . . . , N depends on the set ofG-spin indices{Sβ}N−1

β=1 , which
label particularG-spin S irreducible representations ofG on the Hilbert spaceHS(G) of
polarized wave functions(5.11).

The sign of the SU(N+, N−)-spin indicesSβ depends on the (non-)compact character
of the corresponding simple roots: the ones whose generatorsXαβ fulfil β = α+ 1. With
this notation, all the roots (αβ) are of compact type except for (αβ) = (N+, N+ + 1). This
fact implies thatSβ ∈ Z+/2 except forSN+ ∈ Z−/2. Indeed, with this choice of sign we
guarantee: (a) thefiniteness of the scalar product〈Φ|Ψ 〉 ≡ ∫

G
dLg Φ̄(g)Ψ (g), which Haar

measure has the form:

dLg =
N−1∏
β=1

|∆β(z, z̄)|4
N−1∧
β=1

t−1
β dtβ

∧
α>β

dzαβ ∧ dz̄αβ (5.14)

[where we have used that det(Lkj(g))
−1 =∏N−1

β=1 |∆β(z, z̄)|4t−1
β ] and (b) theunitarity of the

representation [Lg′Ψ ](g) = Ψ (g′−1 • g) of G. We can still keep track of the extraU(1) quan-
tum numberSN that differentiatesU(N) � (SU(N) × U(1))/ZN from SU(N) representa-
tions. TheU(N) wave functionsΨ̃ I depend on an extraU(1)-factor (tN )−2SN , tN ∈ U(1)
in the vacuum wave functionWS in (5.13), where the relation between theU(N)-spin
labelsI = (I1, . . . , IN ) of Eq. (4.1) and the SU(N) × U(1)-spin labelsS = (S1, . . . , SN )
is: Sβ = Iβ − Iβ+1, β = 1, . . . , N − 1 andSN =∑N

α=1 Iα [the CasimirC1 (trace) eigen-
value].

The basic wave functionsΨSm(g) ≡ WS(g)
∏
α>β(z̄αβ)mβα of HS(G) are eigenfunctions

of the right-invariant differential operatorsXRtβ (Cartan generators):

XRtβΨ
S
m = (2Sβ +mβ −mβ+1)ΨSm, (5.15)

wheremβ is defined in(4.7); notice that the eigenvalue (2Sβ +mβ −mβ+1) ofXRtβ can also

be written as 2(Γ 0
β (S,m) − Γ 0

β+1(S,m)), whereΓ 0
β (S,m) is one of the characteristic factors

(4.22)that appears in the power expansion of the structure constants(4.21)of the algebra
(4.20). The lowering operatorsZαβ ≡ XRz̄αβ annihilate the vacuum vectorΨS0 = WS . The

rest of vectorsLSm(g) of the Hilbert spaceHS(G) can be obtained through the orbit of the

vacuum under the action of rising operatorsZ†αβ ≡ XRzαβ :

LSm(g) ≡
∏
α>β

(Z†αβ)mβαWS(g), mαβ ∈ N. (5.16)

Notice that the way of labelling the enveloping algebra operators(4.1) and base vectors
LSm in the carrier spaceHS(G) of irreducible representations ofG coincides: the upperG-
spin indexS is an integral vector and the lower index (“third component”)m is an integral
upper-triangular matrix). Negative modesL̂I−|m| in (4.1)would correspond to the complex

conjugate (holomorphic) vectorsLS−m ≡ L̄Sm. We shall give later on Eq.(5.22)the explicit
expression of the orbitF0 = {LgΨS0 , g ∈ G} of the vacuum vectorΨS0 = WS under the
finite left action of the groupG.
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Denote〈Sg|Ψ 〉 ≡ ΨS(g) and〈Ψ |Sg〉 ≡ Ψ̄S(g). The coherent state overlap or “reproduc-
ing kernel”∆S(g, g′) ≡ 〈Sg | Sg′〉 can be calculated by inserting the resolution of unity

1 =
∑
m

|χm〉 〈χm| (5.17)

given by an orthonormal basis{|χm〉} of HS(G). The explicit expression of this overlap in
terms of upper-minors∆β, β = 1, . . . , N − 1, of g = (t, z, z̄) ∈ G turns out to be:

∆S(g, g′) =
∑
m

χSm(g)χ̄Sm(g′) =
N−1∏
β=1

(t̄β|∆β(z, z̄)|)2Sβ (t′β|∆β(z′, z̄′)|)2Sβ
|∆β(z′, z̄)|4Sβ . (5.18)

This reproducing kernel satisfies the integral equation of a projector operator

∆S(g, g′′) =
∫
∆S(g, g′)∆S(g′, g′′) dLg′, (5.19)

and the propagator equation:

ΨS(g) =
∫
G

dLg′∆S(g, g′)ΨS(g′), (5.20)

where we have used the resolution of unity

1 =
∫
G

dLg |Sg〉 〈Sg|. (5.21)

Given a vectorγ ∈ HS(G) (for example the vacuumWS(g) ≡ 〈Sg|0〉) the set of vectors in
the orbit ofγ underG, Fγ = {γg = Lgγ, g ∈ G}, is called a family of covariant CS. We
know from(5.15)that the Cartan (isotropy) subgroupT = U(1)N−1 stabilizes the vacuum

vectorγ = WS up to multiplicative phase factorst
2Sβ
β (characters ofT). Actually, the explicit

expression of the familyFγ of CS forγ = WS turns out to be:

[LgWS ](g′) = WS(g−1 • g′) = WS(g′) e−ΘS (z̄′,g)
N−1∏
β=1

t
2Sβ
β , (5.22)

where we define

ΘS(z̄′, g) ≡ −
N−1∑
β=1

2Sβ ln
|∆β(z, z̄)|

|∆β(z, z̄′)|2 (5.23)

an anti-holomorphic function of ¯z′ fulfilling cocycle properties (see below) and related to
the so-called “multipliers” (Radon–Nikodym derivative) in standard representation theory.

Considering the flag manifoldF = G/T and taking the Borel sectionσ : F→
G, σ(z, z̄) = (z, z̄, t = 1) = g (which appears implicitly in the factorizationg = vt) we
may define another family of covariant CS asγσ(z,z̄) = Lσ(z,z̄)γ (classes of CS moduloT),
which are usually referred to as the Gilmore–Perelomov CS.

It is also known in the literature that the flag manifoldF is a Kähler manifold, with local
complex coordinateszαβ, z̄αβ (5.2), an Hermitian Riemannian metricη and a corresponding
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closed two-form (K̈ahler form)Ω,

ds2 = ηαβ,µν dzαβ dz̄µν, Ω = iηαβ,µν dzαβ ∧ dz̄µν, (5.24)

which can be obtained from the Kähler potential

KS(z, z̄) ≡ −
N−1∑
β=1

4Sβ ln |∆β(z, z̄)| (5.25)

through the formulaηαβ,µν = ∂
∂zαβ

∂
∂z̄µν

KS . Notice that the K̈ahler potentialKS essen-
tially corresponds to the natural logarithm of the squared vacuum modulusKS(z, z̄) =
− ln |WS(z, z̄, t)|2 in (5.13). Actually, given the holomorphic action ofG onF,

(z′, z̄′) → g(z′, z̄′) = σ−1(g−1 • (z′, z̄′,1)), g ∈ G, (z′, z̄′) ∈ F,

the transformation properties ofKS are inherited from those ofWS in (5.22):

KS(gz, gz) = KS(z, z̄) +ΘS(z̄, g) +ΘS(z̄, g). (5.26)

The functionΘS verifies the cocycle conditionΘS(z̄, g′ • g) = ΘS(gz, g′) +ΘS(z̄, g),
which results from the group propertyg′(gz) = (g′ • g)z.

5.3. Operator symbols on flag manifolds

Let us consider the finite left translation [Lg′ΨS ](g) ≡ ΨS(g′−1 • g) as a linear operator
in HS(G). The symbol [remember the definition(2.23)] LSg′ (g, h), g, g′, h ∈ G of the op-
eratorLg′ representing the group elementg′ ∈ G in HS(G) can be written in terms of the
reproducing kernel(5.18)as:

LSg′ (g, h) = 〈Sg|Lg′ |Sh〉 = ∆S(g′−1g, h). (5.27)

Knowing that right-invariant vector fieldsXR [defined in(5.7)] are the infinitesimal gen-
erators of finite left translationsLg, one can easily compute the symbolsXSj (g, h) of the

Lie-algebraG generatorŝXj as:

XSj (g, h) ≡ 〈Sg|X̂j|Sh〉 = XRj (g)∆S(g, h) = Rkj(g)
∂

∂gk
∆S(g, h). (5.28)

From a quantum-mechanical perspective, the pointsg ∈ G do not label distinct states
|g〉 = Lg|0〉 because of the inherent phase freedom in quantum mechanics. Rather, the
corresponding quantum state depends on its equivalence class (z, z̄) = gT moduloT. Let us
consider then the new action ofG on the anti-holomorphic partΦ(z̄) ofΨS(g) in (5.11). Since
the vacuumWS is a fixed common factor of all the wave functionsΨS = WSΦ in (5.11),
we can factor it out and consider the restricted actionLSg ≡ W−1

S LgWS on the arbitrary
anti-holomorphic partΦ(z̄), thus resulting in:

[LSgΦ](z̄′) = e−ΘS (z̄′,g)Φ(g−1z̄′), g = (z, z̄, t) ∈ G (5.29)
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(moduloT). The infinitesimal generatorsXSj of this new restricted action can be written as:

XSj = ∇j − θSj (z̄), (5.30)

where

∇j ≡ XRj (g)(gz̄)αβ|g=e ∂

∂z̄αβ
, θSj (z̄) ≡ XRj (g)ΘS(z̄, g)|g=e.

Denoting now〈z̄|Φ〉 ≡ Φ(z̄), 〈Φ|z̄〉 ≡ Φ̄(z̄) andLSg (z̄, z′) ≡ 〈z̄|LSg |z̄′〉, the restriction of the
symbols(5.28)to the flag manifoldF can be written in terms of the K̈ahler potentialKS
and the cocycleΘS as follows:

XSj (z̄, z′) = XRj (g)LSg (z̄, z′)|g=e = ∇jKS(z̄, z′) − θSj (z̄). (5.31)

The diagonal partXSj (z̄, z) are calledequivariant momentum maps. Using Lie equations

for ∇j and differential properties of the cocycleθSj , one can prove that momentum maps
implement a realization of the Lie algebraG of G in terms of Poisson brackets(2.17).

The correspondence between commutator(2.5)and Poisson bracket(2.17)does not hold
in general for arbitrary elements like(4.1) in the universal enveloping algebraU(G). As we
stated in Eq.(2.24), the star commutator of symbols admits a power series expansion in the
G-spin parametersSβ (being the Poisson bracket the leading term), so that star commutators
converge to Poisson brackets for large quantum numbersS → ∞.

We believe that higher-order terms in the Moyal commutators(4.20)give a “taste” of
these higher order corrections to the Poisson bracket in the star commutator(2.24) of
symbols, which actual expression seems hard to compute.

6. Field models on flag manifolds

Before finishing, we would like to propose some interesting applications like diffeomor-
phism invariant field models, based on Yang–Mills theories, and non-linear sigma models
on flag manifolds.

6.1. Volume-preserving diffeomorphisms and higher-extended objects

We showed in Section3.1 that the low-energy limit of the SU(∞) Yang–Mills ac-
tion (3.7), described by space-constant (vacuum configurations) SU(∞) vector potentials
Xµ(τ;ϑ, ϕ) ≡ Aµ(τ, �0;ϑ, ϕ), turns out to reproduce the dynamics of the relativistic spherical
membraneF1 = S2. This view can be straightforwardly extended to arbitrary flag manifolds
FN−1 = SU(N)/U(1)N−1 just replacing the Poisson bracket on the sphere(3.4)by (2.17).
Actually, as it is done for sdiff(S2) gauge invariant Yang–Mills theories in(3.7), an action
functional for a sdiff(FN−1) gauge invariant Yang–Mills theory in four dimensions could
be written as:

S =
∫

d4x〈Fνγ |Fνγ 〉, Fνγ = ∂νAγ − ∂γAν + {Aν,Aγ }P,
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Aν(x; z̄, z) =
∑
{S,m}

AmνS(x)LSm(z̄, z), ν, γ = 1, . . . ,4, (6.1)

where now〈·|·〉 denotes the scalar product between tensor operator symbolsLSm onFN−1,
with integration measure(2.18), which explicit expression is straightforwardly obtained
from the left-invariant Haar measure(5.14)on the whole groupG after inner derivationiX
by left-invariant generators of toral (CartanT) elements:

dµ(z, z̄) =
N−1∏
β=1

iXLtβ
dLg =

N−1∏
β=1

|∆β(z, z̄)|4
∧
α>β

dzαβ ∧ dz̄αβ.

Hence, all (infinite) higher-G-spinS vector fieldsAmνS(x) onR4 are combined into a single
fieldAν(x; z, z̄) on the extended manifoldR4 × FN−1; that is,AmνS(x) can be considered as
a particular “vibration mode of theN(N − 1)-brane”FN−1.

In the same way, a 2+ 1-dimensional Chern–Simons sdiff(FN−1)-invariant gauge theory
can be formulated with action:

S =
∫
R3×FN−1

(A ∧ dA+ 1

3
{A,A} ∧ A), A = Aµ dxµ, (6.2)

and equations of motion:F = 0.

6.2. Nonlinear sigma models on flag manifolds

Let us consider a matrixv ∈ SU(N)/T (as a gauge group, i.e. as a mapv : RD →
SU(N)), which is a juxtapositionv = (v1, . . . , vN ) of the N orthonormal vectorsvα in
(5.4). The Maurer–Cartan form can be decomposed in diagonal and off-diagonal parts

v−1dv = v† dv =



v̄t1
...

v̄tN


(dv1, · · · , dvN

) =
N∑
α=1

v̄tα dvαX̂αα +
∑
α�=β

v̄tα dvβX̂αβ,

(6.3)

whereX̂αβ are the step operators(2.4). The Lagrangian density for the non-linear sigma
model (SM) on the coset (flag)G/T

LSM = κ

8
trG/T (v−1∂µvv

−1∂µv) (6.4)

is written in terms of the off-diagonal parts as

LSM = κ

2

∑
α<β

(vα, ∂µvβ)2. (6.5)
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The usual Lagrangian for the complex projective spaceCPN−1 = SU(N)/(SU(N − 1) ×
U(1))

LCPN−1 = κ

2
ηαβ̄(ϕ)

∂ϕα

∂xµ

∂ϕ̄β

∂xµ
, ηαβ̄(ϕ) ≡ δαβ − ϕαϕ̄β, ϕ

† · ϕ = 1 (6.6)

can be also obtained as a particular case of(6.5) as follows. Unitary matricesw on the
cosetCPN−1 are obtained from [g]B in (5.1) by considering the particular local complex
parametrization wherezαβ = 0∀β ≥ 2. Let us consider a new basis{Ĵ k, k = 1, . . . , N2 − 1}
of traceless Hermitian matrices for the Lie algebra su(N), normalized as tr(̂JkĴ l) = 1

2δkl. Let
us use|0〉 for the Dirac notation for the vacuum vectorWS(g) = 〈Sg|0〉. In the fundamental
representation (lowestS), and for theCPN−1 case, the vacuum is given by the column
N-vector

|0〉 = (1, 0, · · · , 0
)t
.

If we define by

qk ≡ 〈0|wĴkw†|0〉 = (wĴkw†)11

the vacuum expectation value of the conjugated Lie algebra elementwĴkw† under the
adjoint action of the groupG, then the restriction

LCPN−1 = κ

2

N∑
β=2

(w1, ∂µwβ)2

of (6.5) toCPN−1 could also be written as

LCPN−1 = κ

2
∂µq · ∂µq,

which coincides with(6.6)when we identifyϕα ≡ wα1 = zα1|∆1(z, z̄)|, z11 ≡ 1. In partic-
ular, with this change of variable, one can see that the metricηαβ̄ in (6.6) coincides with
ηα1;β1 in (5.24)for the restrictionKS1(z, z̄) ≡ −4S1 ln |∆1(z, z̄)| of the Kähler potential to
CPN−1.

7. Conclusions and outlook

We provided a general view of, what we agreed to call, “generalizedW∞ symmetries”,
from various perspectives and approaches. We started discussing the structure of these new
infinite-dimensionalW-like Lie algebras inside a group theoretical framework as algebras
of U(N+, N−) tensor operators. Inside this context, the (hard) problem of computing com-
mutators of tensor operators has been rephrased in terms of (more easy) Moyal brackets of
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(polynomial) functions on the coalgebrau(N+, N−)∗, up to quotients by the ideals gener-
ated by null-type polynomials like(4.10). That is, we have intended to recover quantum
commutators from quantum (Moyal) deformations of classical (oscillator) brackets. Moyal
bracket captures the essence of the full (quantum) algebra, and makes use of the standard
oscillator realization of the basicu(N+, N−)-Lie algebra generators. The resulting infinite-
dimensional generalizedW-algebras can be seen as:

1. infinite continuations of the finite-dimensional symmetriesu(N+, N−), or as
2. higher-U(N+, N−)-spin extensions of the diffeomorphism algebra diff(N+, N−) of a

N-dimensional manifold (e.g. aN-torus).

In order to justify the view ofW∞(N+, N−) as a “higher-spin algebra” ofU(N+, N−),
we have computed higher-spin representations ofU(N+, N−) (discrete series), we have
given explicit expressions for coherent states and we have derived Kähler structures on flag
manifolds, which are essential ingredients to define operator symbols.

These infinite-dimensional Lie algebras potentially provide a new arena for integrable
field models in higher dimensions, of which we have briefly mentioned gauge dynamics
of higher-extended objects and reminded non-linear SM on flag manifolds. An exhaustive
study of central extensions ofW∞(N+, N−) should give us an important new ingredient
regarding the constructions of unitary irreducible representations and invariant geometric
action functionals, just as central extensions of standardW and Virasoro algebras encode
essential information. This should be our next step.
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